ABSTRACT. We consider a 10-dimensional family of Lehn-Lehn-Sorger-van Straten hyperkähler eightfolds which have a non-symplectic automorphism of order 3. Using the theory of finitedimensional motives, we show that the action of this automorphism on the Chow group of 0-cycles is as predicted by the Bloch-Beilinson conjectures. We prove a similar statement for the anti-symplectic involution on varieties in this family. This has interesting consequences for the intersection product in the Chow ring of these varieties.
INTRODUCTION
Let X be a smooth complex projective variety. We denote by A i (X) := CH i (X) Q the Chow groups of X, i.e. the groups of codimension i algebraic cycles on X with coefficients in Q, modulo rational equivalence. Chow groups encode a lot of the geometry of a variety, but their structure is far from being well understood: Bloch's conjecture predicts that on any smooth projective variety of dimension n, for any correspondence Γ ∈ A n (X × X) such that Γ * = 0 on H 0,i (X) for all i > 0, then Γ * = 0 : A n hom (X) → A n (X) (see [6] ). Hyperkähler varieties, defined here as smooth compact complex projective manifolds X which are simply connected and carry a holomorphic symplectic two-form ω X such that H 2,0 (X) = Cω X , are conjectured to have an even richer structure on their Chow groups, due to the "(weak) splitting property conjecture" by Beauville [4] .
The aim of this paper is to investigate Chow groups of some special Lehn-Lehn-Sorgervan Straten (or LLSvS) eightfolds Z(Y ) (see [36] ), and more precisely those associated to a cyclic cubic fourfold not containing a plane Y ⊂ P 5 . These eightfolds are one of the first explicit projective models known of a higher-dimensional hyperkähler variety, and they come naturally with an anti-symplectic involution ι Z . Cyclic cubic fourfolds Y ⊂ P 5 are those arising as triple cover of P 4 branched along a smooth cubic threefold; the covering map then induces a non-symplectic automorphism of order 3 on both hyperkähler manifolds associated to the cyclic cubic fourfold, i.e. on its Fano variety of lines F (Y ) (see [9, Example 6.4] ) and on the associated LLSvS eightfold Z(Y ) (see [13, Section 6.1 
]).
For this particular 10-dimensional family of hyperkähler eightfolds we investigate the action of the two non-symplectic automorphisms of order 2 and 3 on the Chow groups, and we show that it is as predicted by the Bloch-Beilinson conjectures. In Sections 2 and 3, after recalling all the definitions and the constructions which we will use throughout the paper, we start our analysis, based on previous work by the third author on Chow groups of Fano varieties associated to cyclic cubic fourfolds [31] , together with fundamental work on the Chow ring of Fano varieties of cubic fourfolds by Shen and Vial [45] . Indeed, as Voisin observed in [56] , there is a rational map of degree six
Using this rational map and finite-dimensionality of F (Y ), we construct (in Proposition 3.3) a splitting
induced by certain projectors. This splitting is in fact also compatible with Voisin's descending filtration S * (see [56] ), as shown in Corollary 3.4. Section 4 contains the main results of this paper. The first one is as follows: Theorem 4.5 is expected to hold true for every LLSvS eightfold; one problem in proving such a statement is that one would first need to make sense of the pieces A 8 (j) (Z) (cf. Remark 4.7). As a consequence of our main results, in Section 5 we prove certain instances of the Bloch conjecture:
Corollary (=Corollary 5.1). Let Y ⊂ P 5 be a cyclic cubic fourfold not containing a plane and let Z = Z(Y ) be the associated LLSvS eightfold. Let g ∈ Aut(Z) be the order 3 automorphism of subsection 2.8 and define the quotient Q := Z/ g . Then
is supported on a 6-dimensional subvariety.
Corollary (=Corollary 5.2). Let Y ⊂ P 5 be a Pfaffian cyclic cubic fourfold not containing a plane and let Z = Z(Y ) be the associated LLSvS eightfold. Let g and ι be as in Subsections 2.8 and 2.19. Then
We also verify certain special cases of the generalized Hodge conjecture (Corollaries 5.3 and 5.4). Other corollaries concern the intersection product in the Chow ring. For instance, we obtain the following:
Corollary (=Corollary 5.5). Let Y ⊂ P 5 be a Pfaffian cyclic cubic fourfold not containing a plane and let Z = Z(Y ) be the associated LLSvS eightfold. Let Q := Z/ g be the quotient, where g ∈ Aut(Z) is the order 3 automorphism of Subsection 2.8. Then 
This is similar to the behaviour of the Chow ring of K3 surfaces [5] and of Calabi-Yau complete intersections [54] , [19] . Presumably, Corollary 5.5 holds for all cyclic cubics, and Corollary 5.8 holds for all LLSvS eightfolds (this would follow from Beauville's "splitting property conjecture" [4] ). It would be interesting to prove this. In our argument, we need the Pfaffian hypothesis in order to have a bigrading on the full Chow ring of Z (cf. Remark 5.7), while we need the cyclic hypothesis in order to have a finite-dimensional motive.
Also, it would be interesting to prove our results for the eightfold of K3 [4] -type constructed by Ouchi [41] , which extends the LLSvS construction to cubic fourfolds containing a plane.
Conventions. Throughout the paper, the word variety will be used to refer to a reduced, irreducible scheme over C of finite type. A reduced subscheme of a variety is a subvariety if all of its irreducible components have the same dimension. If X is a variety, we define H j (X) to be its j-th cohomology group with rational coefficients.
We will always consider Chow groups with coefficients in Q. The Chow group of cycles of dimension j on X, with Q-coefficients, will be denoted by A j (X). If X is a smooth n-dimensional variety, the notations A j (X) and A n−j (X) are equivalent. We define A j hom (X), A j AJ (X) to be the subgroups of homologically trivial, respectively AbelJacobi trivial, cycles of codimension j. For σ ∈ Aut(X), we will use the notation
) which is invariant with respect to the action of σ.
If f : X → Y is a morphism of varieties, we will denote by Γ f ∈ A * (X × Y ) the graph of f . The notation M rat will refer to the (contravariant) category of Chow motives, i.e. pure motives with respect to rational equivalence (see [44] , [40] ). We recall the following result by Fulton (see [22, Example 17.4.10] for the proof).
Proposition 2.2. Let Z be a projective quotient variety of dimension n and denote by A * (Z) the operational Chow cohomology ring. Then, for any i ∈ {0, 1, . . . , n} the natural map
is an isomorphism. 
2.2.
Finite-dimensional motives. The definition of finite-dimensional motive can be found in [26] , [2] , [25] , [40] . For varieties with finite-dimensional motive, the following nilpotence theorem holds:
Theorem 2.4 (Kimura [26] ). Let X be a smooth projective variety of dimension n with finitedimensional motive. Let Γ ∈ A n (X × X) be a correspondence which is numerically trivial. Then there is N ∈ N such that
We point out that the nilpotence property (for all powers of X) can be used to provide an alternative definition of finite-dimensional motive (see Jannsen [25, Corollary 3.9] ). It is conjectured (cf. [26] ) that all varieties have finite-dimensional motive: even though this is still far from being proven, several non-trivial examples are known.
We will be using the following result: 
where the π i X 's are mutually orthogonal idempotents such that (π
where the π i 's are mutually orthogonal idempotents such that
Remark 2.9. The existence of a CK decomposition for any smooth projective variety is part of Murre's conjectures [39] , [25] . The following provides a practical way of constructing CK decompositions:
Proposition 2.10 (Jannsen [24] ). Let M = (X, p, 0) ∈ M rat . Assume that M is finite-dimensional and that X verifies the Lefschetz standard conjecture. Then M admits a CK decomposition.
Proof. The assumption on X implies that the Künneth components of X, hence a fortiori those of M, are algebraic. That is, there is a decomposition
where the π i are cycles that are homologically orthogonal and idempotent. The argument of [24, Lemma 5.4 ] then shows that (under the hypothesis of finite-dimensionality of M) the π i 's can be lifted to classes that are orthogonal and idempotent in A n (X × X).
MCK decomposition.
Definition 2.11 (Shen-Vial [45] ). Let X be a smooth projective variety of dimension n and ∆ sm X ∈ A 2n (X × X × X) be the class of the small diagonal
Remark 2.12. As a correspondence from X × X to X, the small diagonal induces the following multiplication morphism:
This decomposition is multiplicative if the composition
h i (X) ⊗ h j (X) → h(X) ⊗ h(X) ∆ sm X −−→ h(X) in M rat factors through h i+j (X), for any i, j.
Assuming that X has a weak MCK decomposition, if we set
we obtain a bigraded ring structure on the Chow ring, because the intersection product maps
If X has an MCK decomposition, it is expected (yet not proven) that the following equalities hold:
A
This is related to Murre's conjectures B and D, which were formulated for any CK decomposition [39] . The property of having an MCK decomposition is severely restrictive, and it is closely related to Beauville's "(weak) splitting property" [4] . For a wider discussion, and examples of varieties with an MCK decomposition, we refer to [45, Section 8] , as well as to [52] , [46] , [21] , [33] .
In what follows, we will make use of: 
Proof. (A remark on notation: what we denote by
The existence of a self-dual CK decomposition {Π 
where π
2,0
X and π
2,1
X are orthogonal idempotents, and π
X is supported on C × D ⊂ X × X, where C and D are a curve, resp. a divisor on X. The action on cohomology verifies
where
as the orthogonal complement of NS(X) with respect to the Beauville-Bogomolov-Fujiki form. The action on Chow groups verifies
Proof. It is known (see [15] ) that X verifies the Lefschetz standard conjecture B(X). Combined with finite-dimensionality, this implies the existence of a CK decomposition by Proposition 2.10.
For the "moreover" statement, one observes that X verifies conditions (*) and (**) of Vial's [51] , and so [51, Theorems 1 and 2] apply. This gives the existence of refined CK projectors π i,j X , which act on cohomology as projectors on gradeds for the "niveau filtration" N * of loc. cit. In particular, π 
is a singular cubic (with an embedded point in y), cut out on Y by a plane tangent to Y in y. In particular,
be the convex hull of the curve C in P 5 . Then, the fiber u −1 (u(C)) is one of the 72 distinct linear systems of aCM twisted cubics on the smooth integral cubic surface S C := Γ C ∩ Y (cf. [11] ). This two-dimensional family of curves, whose general element is smooth, is determined by the choice of a linear determinantal representation [A] of the surface S C (see [18, Chapter 9] ). This means that A is a 3 × 3-matrix with entries in
is taken with respect to the action of (GL 3 
is such that I C ′ /S C is generated by the three minors of a 3 × 2-matrix A 0 of rank two, whose columns are in the C-linear span of the columns of A.
2.7.
Voisin's rational map. 
Moreover, let ω F , ω Z denote the symplectic forms of F , resp. Z. Then we have
(where pr j denotes the projection on the j-th factor).
We briefly recall the geometric construction of the rational map ψ. Let (l, l ′ ) ∈ F × F be a generic point, so that the two lines l, l ′ on Y span a three-dimensional linear space in P 5 . For any point x ∈ l, the plane x, l ′ intersects the smooth cubic surface S = l, l ′ ∩Y along the union of l ′ and a residual conic Q ′ x , which passes through x. Then, ψ(l, l ′ ) ∈ Z is the point corresponding to the two-dimensional linear system of twisted cubics on S linearly equivalent to the rational curve l ∪ x Q ′ x (this linear system actually contains the 
2.8. Order 3 automorphism. The family of cyclic cubics Y : f (x 0 , . . . , x 4 ) + x 3 5 = 0, with f a homogeneous polynomial of degree three, is ten-dimensional and the very general element in it does not contain a plane, as observed in [13, Remark 6.4] . Let σ ∈ PGL(6) be the automorphism:
where we set ξ := exp( The fact that g is non-symplectic of order 3 is a consequence of Proposition 2.17, because σ is already known to induce an automorphism with these properties on the Fano variety of lines F (Y ) (see [9, Example 6.4 
]).
We now explain the action of g. The image of the embedding j : Y ֒→ Z is globally invariant under the automorphism: in particular, g(j(y)) = j(σ(y)). Instead, we recalled in Subsection 2.6 that a point p ∈ Z \ j(Y ) corresponds to a three-dimensional linear subspace Γ ⊂ P 
SPLITTING OF
In this section we construct a splitting of A 8 (Z) for LLSvS eightfolds corresponding to cyclic cubic fourfolds not containing a plane; the key ingredient will be the finite-dimensionality proven in [30] . Later, in Section 3.1, we give a similar construction in the special case of Pfaffian cubic fourfolds not containing a plane based on [52] .
Definition 3.1 (Voisin [56] ). Let X be a hyperkähler variety of dimension n = 2m. One defines S j (X) ⊂ X as the set of points whose orbit under rational equivalence has dimension ≥ j. The descending filtration S * on A n (X) is defined by letting S j A n (X) be the subgroup generated by points x ∈ S j (X). [56] , the expectation is that the filtration S * is opposite to the ascending Bloch- 
Remark 3.2. As explained in
(Here A 
We consider the product CK decomposition
It is easy to check that these are mutually orthogonal idempotents in A 8 (F 4 ), lifting the Künneth components in cohomology.
(ii) There is a map of motivesΓ
denotes the closure of the graph of the rational map ψ of Subsection 2.7. The projectors of (i) define motives
. . , 16) . Let us now consider the map of motives
Using finite-dimensionality of h k (F × F ) and applying [50, Lemma 3.6 ] to this map, one obtains a splitting
On the level of zero-cycles, the effect of this is that there is a splitting
Since we know that
is surjective, it follows that For any k = ℓ, consider the commutative diagram
Since the Π 
(where horizontal arrows are given by ψ * and ψ * ), plus the fact that ψ * ψ * = 6 id on H * tr (Z). 
Z). This induces a splitting
Proof. The first part of the statement follows immediately from the definition of A 
(2) (F ) and that S 2 A 4 (F ) = A 4 (0) (F ). The combination of these two facts gives the desired isomorphism, as we show in the case i = 1.
Indeed,
. By way of example, we now give an interpretation of the piece A 
is (the class of) the variety of twisted cubics contained in a hyperplane section.
Proof. This uses some results concerning the Franchetta property [20] . By construction, we have
. Also, we know that ψ * ψ * = 6 id:
. Thus, to show that some 0-cycle a ∈ A 8 (Z) lies in the piece A It remains to prove the claim. Let
. Let F → B denote the universal family of Fano varieties of lines on cubic fourfolds, and let Γ ∈
be relative correspondences that restrict to the product CK decomposition Π k F ×F of (1) (to see that such relative correspondences exist, cf. [20 
(For the formalism of relative correspondences, cf. [40, Chapter 8] ). This is fibrewise homologically trivial, and so [20, Theorem 1.10] implies that this is fibrewise rationally trivial:
This means that
proving the claim.
The piece A 8 (2) (Z) of the decomposition also admits an easy interpretation:
be a cyclic cubic not containing a plane and let Z = Z(Y ) be the LLSvS eightfold. There is a (correspondence-induced) isomorphism
Proof. Let F = F (Y ) be the Fano variety of lines. As is well-known (cf. [3] ), the universal line
Using hard Lefschetz, we know that there is a (correspondence-induced) isomorphism 
Composing these isomorphisms (and invoking Manin's identity principle [44, Section 2.3]), we obtain an isomorphism of homological motives
Using finite-dimensionality of h 4 (Y ) and of (Z, Π 14 Z , 0), we thus obtain an isomorphism of Chow motives
Taking A 3 hom () on both sides, this proves the proposition.
For technical reasons, later on we will need to work with some subprojectors of the {Π i Z }, which we construct by using the refined CK decomposition introduced in Section 2.16.
be a cyclic cubic fourfold not containing a plane, let F = F (Y ) be the Fano variety of lines and let Z = Z(Y ) be the associated LLSvS eightfold. (i) There exist mutually orthogonal idempotents
Moreover, the idempotent t P 
(by finite dimensionality we get that it is also an inverse in M rat ). Recall that (Π
To check that the action of P 
. As a consequence, we obtain that ( 
Pfaffian cubics.
We consider now the family of Pfaffian cubic fourfolds. For the general element Y in this family, Beauville and Donagi [3] have shown that there is an isomorphism between F (Y ) and the Hilbert scheme S [2] of the associated K3 surface S of degree 14.
Proposition 3.9. Let Y ⊂ P 5 be a Pfaffian cubic fourfold not containing a plane. Let S be the associated K3 surface of degree 14 and let Z = Z(Y ) be the LLSvS eightfold. There is an isomorphism of motives
h(Z) ∼ = h(S [4] ) in M rat .
This induces an isomorphism of Chow rings
Proof. For a general Pfaffian cubic Y , it is known (cf. [1] ) that there is a birational map Z S [4] (precisely, the condition on Y is that Y does not contain a plane and S does not contain a line). Thus, for a general Pfaffian cubic the isomorphism of motives and of Chow rings follows from Rieß's result [43] . A standard spreading argument (cf. [55, Lemma 3 .2]) then shows that these isomorphisms extend to all Pfaffian cubics. 
Moreover, the idempotent t R
16−k Z acts on cohomology as projector on
Proof. A first observation is that the Fano variety F (Y ) is isomorphic to a Hilbert square S [2] , where S is a K3 surface [3] . Also, we know that F (Y ) ∼ = S [2] has finite-dimensional motive (Theorem 2.5). This implies that S also has finite-dimensional motive and thus the eightfold Z ∼ = S [4] has finite-dimensional motive. Theorem 2.15 now ensures that Z has a self-dual MCK decomposition {π 
Proof. For any Hilbert scheme S 
(cf. [14] ) to lift the computations to S 4 , since by construction of Vial [52] we have a commutative diagram [2] , with S the associated K3 surface.
MAIN RESULTS
Theorem 4.1. Let Y ⊂ P 5 be a cyclic cubic not containing a plane and let Z = Z(Y ) be the associated LLSvS eightfold. Let g ∈ Aut(Z) be the automorphism of order 3 of Subsection 2.8.
Proof. Let F = F (Y ) denote the Fano variety of lines on Y . We have seen that there is a commutative diagram
(where the horizontal arrows are Voisin's rational map ψ). Let us use the shorthand notation
where G ∼ = Z 3 is the group generated by the diagonal action of g on
, the theorem follows once we prove that
In view of Proposition 3.8, this is equivalent to proving that
We first establish a lemma:
Lemma 4.2. For any j, the correspondence ∆ G • P 16−j acts idempotently:
Proof. The action of g on A 4 (F ) respects the Fourier decomposition A [31, Proposition 3.2] . This implies that
Since ∆ G is obviously idempotent, this proves the lemma.
Let us now start by proving the desired result (3) for j = 0. Since the projector P
16
F ×F is just the CK projector Π 8 F ⊗ Π 8 F of Theorem 2.13, and g acts as the identity on H 8 (F ), we know that
That is, we have
Because F × F has finite-dimensional motive, there exists N ∈ N such that
F ×F is idempotent (Theorem 2.13), and ∆ G • P
F ×F acts idempotently on 0-cycles (Lemma 4.2), hence (taking N odd) we find that
proving (3) for j = 0.
The case j = 6 is similar to j = 0. Indeed, let us consider the correspondence P 10
There is equality
The claim implies that
and so the transpose is also homologically trivial, i.e.
In particular, the composition
. Using finite-dimensionality, this means that there exists N ∈ N such that
Looking at the action on 0-cycles, and using the fact that
(proof of Lemma 4.2), this implies that
and so we have established the desired result (3) for j = 6.
It remains to prove Claim 4.3. Since t P
10
F ×F acts on cohomology as projector on Sym 3 H 2 tr (F × F ), it will suffice to prove that
tr (F × F ) . As the cup product a 1 ∪ a 2 ∪ a 3 can be expressed in terms of (a 1 + a 2 + a 3 ) ∪3 , (a i + a j ) ∪3 and a ∪3 i , it actually suffices to prove that (4)
tr (F × F ) . To this end, let us define a subspace
The subspace H, taken together with its complexification
, is a Hodge substructure. One can check that the space H 2,0 (F × F ) ∼ = C 2 is contained in H C (indeed, the action of g on the symplectic form ω F is multiplication by a primitive 3rd root of unity). But H 2 tr (F × F ) is the smallest Hodge substructure of H 2 (F × F ) for which the complexification contains H 2,0 (F × F ), and so we must have
This establishes the desired equality (4), and so Claim 4.3 is now proven.
Next, let us prove the desired result (3) for j = 2. Now, we consider the correspondence P 14 F ×F • ∆ G , and we make the following claim: Claim 4.4. There is equality
, and so its transpose P 14
. In particular, the composition
therefore we have established the desired result (3) for j = 2. It remains to prove Claim 4.4. Since t P
14
F ×F acts on cohomology as projector on H 2 tr (F × F ), it will suffice to prove that 
Proof. The first thing to prove is that the involution ι respects the splitting A 8 (Z) = ⊕A 
where the horizontal arrows are Voisin's rational map ψ, and where ι F : F × F → F × F is the map exchanging the two factors. We have also seen that
Since ι F respects the splitting on the right-hand side, it follows that ι respects the splitting on the left-hand side.
The proof of Theorem 4.5 is now similar to the one of Theorem 4.1. We introduce correspondences
where the R k Z 's are as in Proposition 3.10. One proceeds to check that each Γ j is homologically trivial (this is easy, as one only needs to understand the action of ι on Sym * H 2 tr (Z)). Then, using finite-dimensionality of Z, one finds that
for some N ∈ N. Using the fact that
(proof of Lemma 4.6), we find that
which proves Theorem 4.5. Proof. Theorem 4.1 implies that 
Proof. Combining Theorems 4.1 and 4.5, we see that (1) It follows from Corollary 3.4 that A 8 (0) (Z) ∼ = Q and so there is a "canonical 0-cycle" on Z. We remark that on the Fano variety of lines of any cubic fourfold X there is a wellknown constant cycle surface, constructed by Voisin in [53, Lemma 2.2]: it is enough to choose W = X ∩ H to be a hyperplane section of X with five nodes and to consider the Fano surface F (W ) of lines on W . It follows from [56, Corollary 4.9] that the closure in Z of the image via ψ of (F (W ) × F (W )) \ I is again a constant cycle fourfold, which by construction is contained in the image Z H ⊂ Z via u of the variety of twisted cubics contained in W .
It is possible to be more precise: indeed, for the eightfold Z the canonical 0-cycle is the degree 1 generator of Q[c 8 (T Z )] ⊂ A 8 (Z), which is Proof. Let G = g and let ∆ G be as before. Corollary 5.1, combined with the Bloch-Srinivas argument [8] , gives a decomposition
where Γ 0 and Γ 1 are supported on D × Z, resp. on Z × D, for some divisor D ⊂ Z. Let N * denote the coniveau filtration on cohomology (see [7] ). Then Γ 0 and Γ 1 act as 0 on the graded Gr Proof. Let G ∼ = Z 2 × Z 3 denote the group generated by g and ι. Corollary 5.2, plus the BlochSrinivas argument, gives a decomposition
where x ∈ Z is a point and Γ 1 is supported on Z × D for some divisor D ⊂ Z. The term x × Z acts as 0 on H i (Z) for all i > 0, whereas ∆ G acts as the identity on H i (Z) G . It follows that H i (Z) G is supported on D ⊂ Z for all i > 0.
Intersection product.
Recall from Proposition 2.2 that the Chow groups of a quotient variety have an intersection product. In this subsection we study this product for certain quotients of the LLSvS eightfold Z. 
Proof. The Pfaffian hypothesis ensures that the motive of Z is isomorphic to the motive of the Hilbert scheme S [4] , where S is the associated K3 surface of degree 14, as shown in Proposition 3.9. In particular, it follows that the Chow ring of Z has a bigrading given by an MCK decomposition (Theorem 2.15).
Since the motive of Z is isomorphic to the motive of the Hilbert scheme S [4] , there is a "hard Lefschetz type" isomorphism 
Proof. Similar to Corollary 5.5. 
